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Without some form of correction, an inertial navigation system’s (INS’s) positional error grows without bound
over time. Several techniques have been used to reduce the INS’s positional error. One of these techniques, terrain-
aided navigation (TAN), has been widely researched over the last several decades with the research focusing on
two methods: Sandia inertial terrain-aided navigation (SITAN), which is based on an extended Kalman filter
(EKF), and terrain contour matching, which is based on correlation techniques. These methods are applied most
successfully to fixed-wing aircraft flying over specific types of terrain; they perform poorly for low-velocity, highly
maneuverable aircraft such as helicopters, especially when flying over flat or very rough terrain. In this paper,
we introduce VATAN, a new TAN method based on the Viterbi algorithm (VA), and compare its performance to
an implementation of SITAN based on a single EKF. Simulation results show that the VA in VATAN overcomes
divergence problems associated with the EKF in SITAN and provides position estimates with smaller average-
squared error. These results show that VATAN has the potential to provide good performance for low-velocity

aircraft flying over all types of terrain.

Nomenclature
R = true altitude
Agng = true ground clearance
fzgnd = measured ground clearance
};INS = INS altitude
Riere = nominal terrain elevation
Pier = measured terrain elevation
Ly(x;) = VATAN metric
p() = probability density function
NO) = VATAN survivor function
x = state (position) sequence
x = estimated state (position) sequence
X = state (position) at time k
X = estimated state (position) at time k
xS = INS measured state
z = observation sequence
2k = observation at time k
o? = variance of random variable r

I. Introduction

IRCRAFT navigation is often performed with an inertial navi-

gation system (INS). The INS calculates the aircraft’s velocity
and position by integrating the acceleration measured by the INS
and adding the results to the initial velocity and position. However,
INSs are susceptible to various errors, most notably slow drifts in
the acceleration measurements due to Shuler oscillations.! These
errors cause the aircraft’s estimated INS position to significantly
differ from the aircraft’s true position, especially long after the INS
has been initialized.

Several techniques for reducing INS’s errors have been devel-
oped over the years. These include Doppler-aided, stellar-aided,
radio-aided, and terrain-aided navigation techniques. Terrain-aided
navigation (TAN) combines terrain profile information with the tra-
ditional INS information to provide more accurate estimates of
the aircraft’s position. Several TAN methods exist: terrain con-
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tour matching (TERCOM) and Sandia inertial terrain-aided navi-
gation (SITAN) are the most researched.”~% These methods have
been successfully applied to high-velocity aircraft that fly over
terrain with certain advantageous characteristics. However, these
methods do not generally perform well for low-velocity, highly
maneuverable aircraft such as helicopters, especially when fly-
ing through canyons, over fairly flat terrain, or over very rough
terrain.

This paper focuses on the development of a TAN method that
performs well for all types of aircraft over wide variations in terrain
characteristics. Success for such a TAN method requires that the
method appropriately combine a model of the aircraft’s navigation
system error dynamics, the measurements from the aircraft’s navi-
gation equipment, and information from a terrain database. SITAN
uses one or more extended Kalman filters (EKFs) based on terrain
linearization to accomplish this, whereas TERCOM uses a unique
terrain correlation method. This paper proposes a third TAN method,
VATAN, based on the Viterbi algorithm (VA). The VA is a maximum
a posteriori state sequence estimator that incorporates both system
dynamics and observations into a simple algorithm. Unlike the EKF,
the VA does not require linearization, and it is robust with respect
to partially observable system models; thus, VATAN promises good
performance for all aircraft over a wide range of terrain without
being susceptible to the divergence problems encountered using
the EKF.

In this paper we develop error dynamics and observation mod-
els, implement a VA state estimator for these models, and evaluate
the resulting VATAN using simulated data. Its operational char-
acteristics are compared to an implementation of SITAN using a
single EKF; we show that the VATAN algorithm provides more ac-
curate position estimates for both relatively flat and extremely rough
terrain,

This paper is structured as follows. We first present the theo-
retical development of VATAN. We then discuss certain aspects
of implementing VATAN. Next we present the simulation mod-
els used to produce the results presented. The findings are then
summarized.

II. VA

The VA is a maximum a posteriori (MAP) estimator that esti-
mates a sequence of system states from a sequence of observa-
tion values. The state sequence is denoted x (xg,...,x,); in
the TAN application considered here, the vector x; is the aircraft’s
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two-dimensional position at time ¢,. The observation sequence is de-
noted z = (21, ..., z») Where, in our application, z, is the measured
terrain elevation at time z.

The VA is based on the assumption that the system dynamics are
Markov; that is, the state at k + 1 is conditionally independent, given
the state at time &, of the state at any previous time. The dynamics are
thus characterized by p(xy, | x1), the conditional probability den-
sity of x,1, given x, which represents the probabilistic knowledge
of the states’ evolution in time.

The VA also requires that the observation at time k depend only
on the state at time k and not on the state at any other time; this is
equivalent to requiring that observation errors at different times be
independent. The probabilistic knowledge of the observation given
the state’s value is represented by p(z; | xx).

The VA consists of the computation of a metric function Ly that
is a measure of the likelihood of each state value being the true state
at time k; L, can be computed recursively using p (x4 | x¢) and
p(zi | %) as follows”™:

Li(xi)

k k
bup (x; | Xi21) + o tap (i | x;
max Z pOx; | xin) + p(xo)+z p(zilx;)

X seeen X £ >
* i=1 i=1

= bap(ze | x;) + max[lop Ger | x4—1) + Lio1 (e-1)] (1)
Xp—1

where the recursion in Eq. (1) is initialized with Ly(xp) = Inp(xo).

The optimal estimate %, is that x; for which L, is maximum.
The value x,_, that maximizes Eq. (1) for each x, is termed the
survivor. Denoted Sy (x;), it is used to generate MAP state sequence
estimates. The MAP state sequence estimate X = (X, ..., Xp) can
be generated via the following recursive procedure:

Xy = arg max L (x;)
x
Tt = Sk(Xe)
Epoz = Spo1(Bemr) = Se—1 (Sk(F1))
and by induction,
Rimj = Sicjp1 Brmjr ) = Semjir S G (S E))) ()

The recursion in Eq. (1) is a filter, providing state estimates based
on the system dynamics and observations. For an observable linear
system model with Gaussian noises, Eq. (1) is functionally equiv-
alent to a Kalman filter and Eq. (2) is equivalent to a fixed interval
smoother (e.g., a Rauch-Tung—Striebel smoother!?). These equiva-
lences suggest that the VA is a suitable replacement in applications
that use Kalman filtering.

For the TAN problem, the VA has two significant advantages over
the EKF:

1) The fact that the metric function is computed for all possi-
ble state values makes the VA much more robust than the EKF in
situations where the observations do not strongly support a single
estimate of the state value. Such is the case in TAN, for example,
when the aircraft is flying over terrain that is nearly flat or that is very
rough. In such cases, divergence of the EKF becomes a significant
problem, necessitating the use of multiple filters and complex voting
logic; the VA does not suffer from these divergence problems.

2) The system model is represented by the conditional probability
densities p(x;1 | x¢) and p(z; | x;), which can embody nonlinear
relationships in the state evolution and in the relationship between
states and observations; these nonlinear relationships are also repre-
sented directly in the VA. Thus, in the TAN problem, the nonlinear
relationship between aircraft position and measured terrain elevation
can be represented exactly with the VA but must be approximated
for the EKF.

These advantages of the VA with respect to the EKF come at the
price of a larger computational burden,

height, &

radar beam width

hterr(z>

nadir position, =

Fig.1 Radar altimeter measurement.

HI. Developing VATAN

Applying the VA to TAN results in VATAN. In VATAN, the VA
generates optimal MAP aircraft position estimates using the ter-
rain elevation beneath the aircraft as its observation. In order to
implement VATAN, we need the conditional observation and state
transition densities in Eq. (1) as well as an initial value of the metric
Ly. In this paper, very simple models are used to obtain the re-
quired densities: in particular, we assume a flat, nonrotating Earth
and simple aircraft dynamics; we do not model bias error terms;
and we do not model mapmaking errors. Conceptually, extension of
VATAN to more complicated models is straightforward; however,
some care would be needed to keep the algorithm computationally
manageable.

A. Generating Observation Conditional Probability Density

The measurement used by VATAN, the observed terrain elevation,
is an indirect measurement obtained as the difference between the
INS altitude measurement and the radar altimeter reading. To obtain
the observation conditional probability density p(z; | x;), we must
model the radar altimeter operation as well as characterize the errors
in the radar altimeter and INS altitude measurements.

Ideally, the radar altimeter measures the distance between the air-
craft and its nadir, the ground point directly beneath the aircraft. The
measurement is made by reflecting electromagnetic energy off the
terrain beneath the aircraft, as depicted in Fig. 1. All radar altimeters
have a nonzero radar beam width, typically 14-30 deg. This may
result in the altimeter measuring the distance to some point in the
beam other than the nadir point. Occurrences of the radar altimeter
returning the distance to a point other than the nadir are prevalent
in rough terrain. Depending on the type of radar altimeter, the mea-
surement may be the distance to the point in the beam that either is
closest to the aircraft (i.e., distance hgyq in Fig. 1) or maximizes the
power in the reflected signal. For our simulations we model the first
type of radar altimeter.

In the following, we denote as /. (X, ) the nominal terrain height
that would be computed assuming zero measurement errors. It is
computed, using the true INS altitude Ans and error-free radar al-
timeter reading /gng, as

R (xi) = hins — hgnd 3)

Note that since /,,q may not be the distance from the aircraft to the
terrain point directly below the aircraft, k. (x;) may not be the true
terrain height at the point x,. However, using the terrain database
and the known characteristics of the radar altimeter, the nominal
value of /15q¢ that would be measured by an aircraft at an elevation
hins and position x; can be computed, from which /., (x;) can be
obtained.

The INS provides a measurement of the aircraft’s altitude hns (k);
we denote this measurement as hns(k). The radar altimeter pro-
vides a measurement of hgna(k); we denote this measurement as
hgna(k). We assume that the measurement errors are independent
and Gaussian with variances a,,zms (k) and thgml (k). The observation
used in VATAN is the measured terrain elevation

2k = P (k) = hins (k) — hgna (k)
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This indirect observation is used because it, along with a terrain ele-
vation databasc, is sufficient to generate the observation conditional
density p(z, | x;) used in the VA. R

If the measurements /ns(k) and hga(k) are unbiased (ie.,

Elhis (k)] = hvs (k) and Elhgua(k)] = hgna (k)), then
Elz | %] = Elhns(0)] — Elhgna (k)] = heerr(xi)
The conditional variance is
o2 (k) = Var(zy | x¢) = 02, () + o7, (6)
Thus the conditional observation probability density function is

[z — hiere ()]
2020 ) @

1
P x) = WGXP(

B. Generating State Transition Probability Density

The state transition density p (x| | x;) describes the states’ evo-
lution with time. Given a known velocity vector x; that is constant
over the At second interval from #, to #., the state’s evolution
is

X1 = X + X, At (5)

Since the aircraft’s velocity is provided by the INS, it is not
known precisely. This uncertainty is dealt with by modeling the INS
velocity as a Gaussian random variable with mean x;° and variance
af,NS, indicative of the INS’s precision. Thus the random variable

x4 1 conditioned on x; is a random variable with mean
_ <INS
Xp+1 = Xy +xk At

and variance

2 2 2
Ty = Ogins AL

Since xy is assumed to be Gaussian, by Eq. (5), x; is Gaussian for
k> 0.

C. [Initializing Metric
Recalling the VA (1), the metric function is initialized by

Ly(xo) = thp(xy)

where x, is assumed to be a Gaussian random variable whose mean
is the INS’s position reading

%o = xS

and whose variance is specified by a known circular error probability
(CEP) of the INS. Since p(xp) is Gaussian, the initial metric is
a paraboloid, so the best initial estimate, that x; that maximizes
Lo (xp), is

o = A

which makes intuitive sense.

IV. Implementing VATAN

VATAN consists of implementing Eq. (1), where x, is the aircraft’s
position and z, is the measured elevation of the terrain beneath the
aircraft. Performing the smoothing in Eq. (2) is not necessary for
TAN because TAN requires an optimal estimate of the current state,
not past states. At present implementing Eq. (1) over a continuous
state space is still an open problem; thus we approximate Eq. (1)
using a discrete grid of points.

Unfortunately, implementing Eq. (1) over a discrete state space
leads to suboptimal estimates for two reasons. First, the optimal
state estimate is given by that % that maximizes L(X;), an arbitrary
function; however, when computing L(-) on a discrete state space,
it is probable that the maximum value of L(:) occurs for a value
of x; not among the discrete state values. As a result, the use of
a discrete state space leads to suboptimal estimates. The problem

is further compounded by the implementations of tap(z; | x;) and
bap(xr+1 | X,) in a discrete state space. Obviously, these functions’
maxima play an important role in determining the maxima of L(-).
However, in a discrete state space these peaks may be lost due to
discretization errors that occur when implementing fhp(z; | x;) and
bap(xry1 | X1), again leading to suboptimal estimates.

Fortunately, several implementation techniques improve the per-
formance of the discrete state VA. These include techniques to adap-
tively choose the grid spacing and grid extent at each instant in time,
techniques for representing each term in the VA, and techniques for
performing the algorithm’s computations.’

V. Simulation Model

We evaluate the performance of VATAN and compare it to a par-
ticular implementation of SITAN through the use of Monte Carlo
simulations. All of the simulations are performed using a computer-
generated simulated terrain database. In each simulation run, an air-
craft trajectory is created; then simulated INS velocity, INS altitude,
and radar altimeter ground clearance measurements are generated.
These measurements are used by VATAN and SITAN to estimate
the aircraft trajectory. This estimated trajectory is then compared
with the true trajectory to obtain an error. The error is averaged over
many simulation runs to determine sample error bias and sample
erTor variance.

The implementation of these simulations requires that several
models be developed: the aircraft dynamics model, the INS model,
and the radar altimeter model. In addition, a method for synthetically
generating a terrain database must be developed.

A. Aircraft Models

The model used to simulate the aircraft motion is the standard
kinematic equation implemented in discrete time that is described
in Sec. II1.B. This is a simplification of an aircraft’s state dynamics,
butitis sufficient for testing the TAN methods. The INS model simu-
lates measurements of the aircraft’s position and velocity by adding
measurement errors to the true aircraft states. These measurement
errors are initialized at k¥ = 0 and are propagated using standard
INS modeling techniques (i.e., Shuler oscillations).!!"!> The INS
altitude measurement is modeled as a Gaussian random variable
whose mean is the true altitude and is subject to a specified cali-
bration bias and a specified measurement error variance. The model
of the radar altimeter and the computation of the terrain height from
the radar altimeter and INS altitude is described in Sec. IILA.

B. Terrain Model

Both simulated terrain and its corresponding topographical map
have to be generated to test the performance of SITAN and VATAN
over a variety of terrain types. There are two approaches to terrain
and map simulation. The first approach is to use an existing map to
provide the true terrain data, bilinearly interpolating where neces-
sary. However, generating terrain data from a map results in terrain
with constant gradients between map post points, and SITAN's per-
formance relies explicitly on locally constant terrain gradients.>>
Thus, this first approach masks potential problems due to non-
constant gradients of actual terrain.

The second approach is to first generate simulated terrain on the
computer and then create map data from this simulated terrain. This
approach is taken since it does not result in unnaturally constant
gradients and thus gives more realistic results. Several methods
based on fractals generate realistic simulated terrain.!>~!> However,
any method for generating terrain suffices, as long as it generates
the terrain types of interest; flat terrain, mountainous terrain, rough
terrain, etc.

We found it simplest to develop our own algorithm to generate
the specific types of terrain of interest. Our algorithm begins with
a large square region and generates random elevations at each cor-
ner. The elevations are modeled as Gaussian random variables of
specified mean and variance. For rougher terrain, higher variances
are used. The square is then subdivided into four smaller squares,
and the elevation at each new corner is generated by bilinearly inter-
polating between the original four corners and adding to each new
corner an additional realization of a zero-mean Gaussian random
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variable. The variance of this new random variable determines the
magnitude of the local terrain variations. Each square is then further
subdivided and new elevations are generated repeatedly, using the
above technique, until a complete set of elevations at the desired
resolution is generated.

For testing the TAN algorithm, the simulated terrain is generated
at a 20-m post spacing over a 10 x 10 km region. Most topograph-
ical databases have a post spacing of 100 m, so the simulation’s
resolution of 20 m captures the small-scale details that are not pro-
vided by interpolation of an existing map. The simulated region is
limited to 10 x 10 km so that we can assume a flat-Earth model,
eliminating modeling difficulties associated with the effects of
Earth’s curvature.

A topographical map was simulated by adding a mapmaking mea-
surement error to the true elevation at each data point on the topo-
graphical map model. The measurement error was modeled as a
Gaussian random variable of specified bias and variance; measure-
ment errors were independent from point to point.

V1. Simulation Results

To evaluate the performance of VATAN, we performed Monte
Carlo simulations (consisting of 100 runs) for low-velocity heli-
copter flight over four different terrain profiles. As a reference, we
also performed the same simulations on a five-state, single EKF im-
plementation of SITAN operating in the tracking mode. The SITAN
implementation parameters are set to those used in previous SITAN
work.? This SITAN implementation was chosen to compare the rel-
ative performances of the VA and the EKF in TAN.

The terrain database used for the simulations was generated by
the method outlined in Sec. V.B. The four terrain profiles chosen
for evaluation represent typical rough terrain, flat terrain, moun-
tainous terrain, and a mixture of sloped and flat terrain. The first
three profiles are chosen because they represent terrain in which
TAN methods typically experience difficulty. The fourth profile is
chosen because it is a type of terrain in which TAN methods per-
form well in general. Figure 2 shows a graph and Fig. 3 shows a
contour plot of the simulated terrain in which the TAN methods

Easting

Fig.2 Simulated terrain.

Northing (100s of meters)

Easting (100s of meters)

Fig.3 Contour plot of simulated terrain.

Table 1 Equipment parameters for
Monte Carlo simulations

Parameter Value
Initial INS position deviation (one axis) 100 m
Initial INS east velocity bias 0.5 m/s
Initial INS north velocity bias 0.5 m/s
Accelerometer bias 0 uG
Accelerometer deviation 10 uG
Gyroscope bias stability 0.01 deg/h
INS altitude bias 0m
INS altitude deviation 25m
Radar altimeter bias 0.5m
Radar altimeter deviation 2.5m
Radar altimeter beamwidth 30 deg
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Fig.4 Monte Carlo statistics for scenario 1.

are evaluated. The contour plot also shows the flight paths of the
four scenarios.

Allscenarios use the aircraft parameters givenin Table 1. The sim-
ulations are randomized with respect to both the initial INS errors
and the measurement variances of each piece of aircraft equipment.
All scenarios are 100 s in duration with observations made at 1-s
intervals.

A. Scenario 1: Typical Rough Terrain

Scenario 1 compares VATAN’s performance to that of our im-
plementation of SITTAN when flying over typical rough terrain. The
flight begins at position (4000 m, 4000 m) (coordinates are easting,
northing). Flying with a constant velocity of (35 m/s, 16 m/s) at an al-
titude of 1300 m, the aircraft arrives at (7500 m, 5600 m) after 100 s.

Figure 4 shows the Monte Carlo sample mean and sample vari-
ance over 100 runs of the estimation error in easting and northing for
both VATAN and SITAN; the values for VATAN are shown with the
solid line, and the values for SITAN are shown with the dashed line.
In terms of average position error, VATAN performs much better
than SITAN; SITAN performs poorer because the terrain is rough
and the EKF used in SITAN is based on a model that essentially
assumes terrain with a constant gradient.

B. Scenario 2: Flat Terrain

Scenario 2 contrasts VATAN’s performance to our implementa-
tion of SITAN when flying over regions of flat terrain. The flight
begins over rough terrain at position (600 m, 3400 m). However,
flying with a constant velocity of (23 m/s, 36 m/s) at an altitude of
1500 m, the aircraft quickly enters a large flat region. The flight is
terminated over rough terrain at (2900 m, 7000 m).

The Monte Carlo simulation results for VATAN and SITAN are
shown in Fig. 5. VATAN performs very well compared to SITAN,
which is unable to recover after flying over the flat terrain. SITAN
is unable to recover after flying over the flat terrain because the
position estimate becomes so inaccurate that it is no longer in the
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Fig.5 Monte Carlo statistics for scenario 2.
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Fig. 6 Monte Carlo statistics for scenario 3.

linearized region of SITAN’s EKFE. On the other hand, VATAN is
able to recover because the VA’s metric function can be evaluated
over as large an area as required. This scenario illustrates well how
VATAN’s algorithm is valid over a global area (and is limited only
by processing capabilities) whereas SITAN’s algorithm is only valid
within a local area.

C. Scenario 3: Mountainous Terrain

Scenario 3 compares VATAN’s performance to that of SITAN
when flying across a mountain face. The flight begins at (600 m,
3400 m) and continues across the face at a constant velocity of
(28 m/s, 3 m/s) and altitude of 1500 m for a duration of 100 s.

The Monte Carlo simulation results for VATAN and SITAN are
shown in Fig. 6. VATAN performs very well whereas SITAN does
not work well. In fact, SITAN’s average easting error diverges badly.
This occurs because the terrain is nearly flat with respect to move-
ment eastward along the mountain face (and hence there is no slope
information by which the SITAN estimate can be corrected).

D. Scenario 4: Sloped and Flat Terrain

Scenario 4 illustrates that for terrain with a fairly constant gra-
dient, VATAN’s performance is comparable to SITANs. The flight
begins at (1400 m, 2900 m) and passes over linear terrain for the first
third of the flight. The second third of the flight is over flat terrain and
the final leg is over linear terrain. The flight is at a constant velocity
of (28 m/s, 3 m/s) and altitude of 1500 m for a duration of 100 s.

The Monte Carlo simulation results for VATAN and SITAN are
shown in Fig. 7. Both VATAN and SITAN perform well during
the flight. Over terrain with a fairly constant gradient, both methods
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Fig.7 Monte Carlo statistics for scenario 4.

use the observation information to improve the state estimate. Over
flat terrain, the state estimate error increases as the INS drifts because
of the Shuler oscillation. When terrain with a constant gradient is
again encountered, both methods use the observation information
to improve the state estimate.

E. Summary of Results

In the scenarios considered in this paper, VATAN consistently
performs as well as or better than our implementation of SITAN.
VATAN performs as well as SITAN in moderately rough, sloped
terrain (scenario 4) and it exceeds SITAN’s performance in very flat
or very rough terrain (scenarios 1-3).

VII. Conclusions

This paper has introduced VATAN, a new TAN method based on
the VA. Our simulation results demonstrate that the VA estimator
in VATAN has several advantages over the EKF used in SITAN. As
a result, VATAN is less susceptible to large errors in the position
estimate that occur in common circumstances such as flying over
very flat or very rough terrain. These results also show that VATAN
performs as well as or better than our implementation of SITAN
under all the circumstances that we evaluated, indicating that the use
of the VA for a TAN system could overcome many of the problems
associated with the use of the EKF.

In addition to more accurate position estimates, VATAN has
several other advantages over SITAN and other methods such as
TERCOM. First, VATAN incorporates a model of the radar altime-
ter into its algorithm. Using the terrain database, a model of the
radar altimeter’s operation can be directly incorporated into the con-
ditional observation probability density function of the VA. Thus,
even with misleading measurements due to a nonzero radar altime-
ter beamwidth, VATAN can still improve the state estimate. This
contrasts to SITAN, which does not explicitly incorporate a realistic
radar altimeter model; hence, poor observations will just as likely
worsen the state estimate.

Another advantage of VATAN is that observations of physical
structures, including buildings, bridges, trees, and other features
not located in the terrain database, can be directly incorporated into
the VA’s observation probability density. Thus, with straightforward
modifications, VATAN could be extended to use a separate database
containing the locations of observed physical structures to improve
the position estimate.

VATAN’s major limitation is the increased computational capac-
ity necessary to implement the VA when compared to an EKF. Cur-
rently, the two-dimensional VA has only been implemented in a
discrete state space; a continuous state-space implementation of the
two-dimensional VA would improve VATAN’s accuracy and could
result in a substantial reduction of the computational capacity nec-
essary to implement VATAN. The implementation of a continuous
state-space VA is presently an active topic of research.'¢
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So far, VATAN has only been evaluated in a somewhat oversim-
plified simulated environment and has only been compared to a
single EKF implementation of SITAN. These comparisons demon-
strate that VATAN overcomes the problems associated with the EKF.
However, more detailed modeling and simulation of the INS, radar
altimeter, and errors associated with terrain maps, as well as compar-
ison with a multiple filter implementation of SITAN, will be neces-
sary to establish VATAN as a viable TAN method. This simulation, as
well as eventual flight testing, will be required to optimize VATAN’s
implementation and to evaluate VATAN's performance relative to
other existing TAN methods.
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